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Abstract. In recent years, Cooperative Coevolution (CC) was proposed as a
promising framework for tackling high-dimensional optimization probleiise
main idea of CC-based algorithms is to discover which decision variabdes, i.
dimensions, of the search space interact. Non-interacting variabldsecapti-
mized as separate problems of lower dimensionality. Interacting variahies

be grouped together and optimized jointly. Early research in this areadstarte
with simple attempts such as one-dimension based and splitting-in-half rsethod
Later, more efficient algorithms with new grouping strategies, such &8ME

G and MLCC, were proposed. However, those grouping strategies atilot
sufficiently adapt to different group sizes. In this paper, we proposew CC
framework named Cooperative Coevolution with Variable Interactionrrieg
(CCVIL), which initially considers all variables as independent and paith ®f
them into a separate group. Iteratively, it discovers their relations angesiéhe
groups accordingly. The efficiency of the newly proposed framkvwsoevaluated

on the set of large-scale optimization benchmarks.

Key words: Variable Interaction Learning, Large-Scale Optimization, Numeri-
cal Optimization, Incremental Group Strategy, Cooperative Coevolution

Preview

This document is a preview version

and not necessarily identical with
the original.

http://www.it-weise.de/

1 Introduction

Evolutionary Algorithms (EAS) have been widely applied $oiving both numerically
and combinational optimization task¥.[Finding solutions for a problem usually be-
comes harder when the number of decision variables insdaseause of theurse

* This work is partially supported by two National Natural Science Foundati@@hina grants
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of dimensionality. As a consequence?][reports that there is a rapid decline in per-
formance of conventional EAs when dealing with large-sqatgblems. In order to
improve the ability to solve high-dimensional optimizatitasks, B] proposes a co-
evolution approach for combinational optimization prabseand §] further generalizes
the approach to a universal framework: Cooperative Coéeol {CC). CC algorithms
tackle the curse of dimensionality with a divide-and-cosgunethod which separates
the search space into subspaces of lower dimensionaligy thereforadlecompose the
decision vector into groups of variables which can be optadicooperatively in cycles.
After each cycle, the information gained in the separatamipation steps is joined for
the next iteration. This approach yields good performartk in benchmark problems
and real-world applicationsi[5]. Despite this success, for the most important part of
CC, the problem decomposition strategy, no satisfyingtswilhas yet been developed.
In this paper, we introduce a general, scalable, and hidfibfent method for this pur-
pose, called Cooperative Coevolution with Variable Intémm Learning (CCVIL).

The rest of this paper is organized as follows. In the nextiaecwe give a short
outline of the cooperative cooperationary idea in genendl lest related work in the
area of problem decomposition in CC. CCVIL is then discussetktail in Sectior3
and experimentally studied by using a set of twenty largdessgenchmark problems in
Sectiond. It achieves excellent results in these experiments awogiémrtly outperforms
two related, state-of-the-art CC techniques as well as pienizer which it uses inter-
nally. We finally conclude our paper in Sectibnwhere we also give pointers to future
work.

2 Cooperative Coevolution

Many cooperative coevolutionary numerical optimizatidgoaithms consist of three
basic ingredients:@): 1) A decomposition method used to divide th&-dimensional
decision vector into groups, . .. G,, of variables. Each such group is optimized with
a separate subpopulation of the corresponding dimen&ign< N. 2) In order to eval-
uate the fitness of the individuals from a certain subpopariaa representative element
from each of the other subpopulations is selected. Indbiperation step, a popula-
tion of completeV-dimensional candidate solutions is constructed by cemeding the
representatives to each element of the current subpopuildjiAn optimizer is applied
to the population for (onlypptimizing the decision variables in the current group.

In the conventional CC framework, optimizing a group witk ttorresponding sub-
population is called @hase. After finishing aphase, CC will turn to optimize the next
group and start a nephase. One iteration over all groups constitutesyale. A CC al-
gorithm performs severalcles. In Algorithms1 and2, we sketch the flow of a simple
CC algorithm that treats the problem as completely sepaidpl

2.1 Discovering Decision Variable I nteractions

The decomposition strategy that identifies interactingsilec variables and divides the
search space into subspaces of lower dimensionality is t& important component
of CC algorithms. A functiory is separable according t@][if Equationl1 holds, i.e., if
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Algorithm 1: (subpop, pop, best) +— initializeCC(NP)

1 for i +— 1toN do
2 L subpop; <— NP; random one-dimensional samples froma given interval

3 pop <— (subpopi, ..., subpopn)
4 best < argmin f(pop)
5 return (subpop, pop, best)

its global optimum can be reached by successive line setonp the axes. Therefore,
if a certain function is not separable, there must be intenas between at least two
variables in the decision vector. Motivated by this, we jlewdefinition ofinteraction:
two decision variables and; areinteracting if there is a decision vectar whose;*"
and;'" variable can be substituted with valugsandz’; so that Equatio holds.

arg( min )f(a:l,...,xN):(arglgnix;f(xlf~~),...,arg(n1ir%f(---,x1v)) Q)

e, 2, 25 0 (f(@1se e @iy Ty aN) < f(@1, 0, T TN (2)
(f(@1,. o @iy 2, oan) > fo, .. @), .., @, TN))

The idea behind the decomposition of the decision variable€C into groups
G1,Go, ..., G, is that the fitness functiorf can be approximated as a linear com-
bination ofcomponent functions f1, fo, ..., f,n. The domains of the functiong have
the lower dimensionalityG;| < N since their results only depend on the variables in
the corresponding grou@;. Although it is usually only possible to compugebut not
its components;, the knowledge that the grougs can be optimized separately can
speed up the optimization process significantly.

For discovering interactions between variables inde@mposition step, a simple
method is suggested iB]f Assume thabest would be the vector of the best values for
each decision variable discovered so far. After coevohatig optimizing dimension,
the best individuahew in the populatiorpopcce of the optimizer only focusing on di-
mensioni is extracted as well as a random candidated from the global population

Algorithm 2: best «+— basicCC(NP) (as introduced in4])

1 (subpop, pop, best) <— initializeCC(NP)
/I Decomposition: implicitly performed based on separability assumption
2 while stoping criterion not met do // Optimization: Start a new cycle
3 for i +— 1to N do// Start a new phase
4 for j «— 1to NP; do// Collaboration
5 L popec; <— (besti, ..., best;_1, subpop; j,bestit1, ..., bestn)

(popce, new) <— optimizer(popce, i)/l Optimize thei'” subcomponent
7 subpop, <— popcc;
8 best; <+ new;

o

9 return best
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pop (with new # rand # best). Based on these three vectors, two new candidate

new ifj=1 new; ifj=1i

= i - / = i ] =

%= { best; otherwise ®) i ngilf gtﬁervfise @
J

vectorsz andx’ are created according to EquatiaBi@nd 4 for testing whether di-
mensionsg andk interact. The value at index of « is better than thé!" value ofa’,
since it comes from the vector of best known valbest whereasr) stems from the
random population membeiand. Optimizing dimension should not influence this
relation andf(x) < f(«’) would hold if the variables were separable. Therefore, if
f(@') < f(x),i.e.,z'is better thane, there likely is an interaction between dimension
i andk [8].

2.2 Related Work

In the early stage of the development of CC, researcherdyradopted two simple de-
composition methods: one-dimension based and splittidgpif methods4,9]. These
two methods do not take the interaction between componettt€onsideration. Thus,
they cannot solve problems consisting of non-trivial Vialéanteractions.

In order to mitigate this problem, a multi-level pyramida&rgtic algorithm is uti-
lized in [10] to better deal with multiple-choice scheduling. In thezaoé numerical op-
timization, Yang et al. proposed two effective CC-baseaidllgms, Differential Evo-
lution using Cooperative Coevolution with adaptive grawpstrategy (DECC-G){]
and Multilevel Cooperative Coevolution (MLCC)]]. DECC-G uses a constant group
size, for instance 100, and randomly decomposes the higkrdiional variable vector
into several such groups. These are then optimized withtaindeA. DECC-G with
a small group size works properly for separable problemdentighly nonseparable
problems can better be solved with large group size. Thelgmolbf DECC-G is that
the best group size is not known in advance. In order to oveech, MLCC adopts
a multilevel strategy for decomposition. It maintains aaaposer pool from which
decomposers with different group sizes are selected dapgiod the problem under
investigation and the stage of the evolution. For nonsdamroblems, MLCC tends
to select the decomposers with large group sizes. In thesiigpmase, MLCC prefers to
choose the decomposers with smaller group sizes. Howestndining a good pool
of decomposers is hard in practice since the interactiondssi variables is usually not
known beforehand. This, in turn, would lead to a waste of fiemcevaluations.

By using the technique of learning variable interactiorexlia [8] and outlined here
in Section2.1 CC can become more adaptable. Nevertheless, the way itdsimu$é]
suffers severe shortcomings. For example, the maximumpgsae is limited to two,
which rarely is the case real-world problems. Moreover,dt@ce of the dimensions
¢ and k for interaction investigation (see EquatioBsind4), frequently leads to the
detection of non-existing interaction8][ In [8], it is possible that dimensiohand k
are not optimized in successive phases. Thus, changesandithensions obest may
take place in the mean time which violates the condition afdfigpn2.
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CCVIL overcomes the problem of the DECC-G and the MLCC alyaoni i.e., the
group sizing, by using the interaction learning method8pfThe choice of the dimen-
sionsi andk for interaction detection, however, is conducted in a wayctviprevents
the discovery of non-existing interactions.

3 Cooperative Coevolution with Variable I nteraction L earning

We propose a novel CC-framework call€doperative Coevolution with Variable In-
teraction Learning (CCVIL) with incremental group sizes for solving large-kcap-
timization problems of separable, partially-nonseparabdhd nonseparable character.
Instead of setting the group sizes as a constant or definieg @ salues from which
to choose them, we allow the optimization process to adaph thy learning the inter-
action between the decision variables. The whole procedfu@CVIL is divided into
two stages, théearning stage andoptimization stage executed once in exactly this se-
quence. Both stages are divided into cycles and phasesaistmthe conventional CC
framework (see Sectio).

3.1 Learning Stage

The learning stage of CCVIL optimizes one dimension after the other, similathe
simple CC approach given in Algorithéh While doing this, it only tests the currently
and the previously optimized dimension for interactiomc®i only these two dimen-
sions changed between the application of the interactiéectden mechanism ofg],
Equation2 can never be violated and only becomes true for real infereztTherefore,
the flaw of detecting non-existent interactions is avoidgéefore each learning cycle,
the order of visiting the dimensions is randomly permutatethat each two dimension
have the same chance to be processed in a row. The details E#aiming stage are
presented in Algorithn3.

The efficiency of CCVIL becomes clear from a stochastic pofriew. The proba-
bility of placing any two (possibly interacting) dimensi&iand; in an N-dimensional
problem adjacently in one random permutatiinis 2/N. The probabilityp,: ()
that this happens in at least oncefnlearning cycles then is given in Equatién

Peapt(K) =1 — (1 —2/N)¥ (5)

In a 1000-dimensional problem, the probability of puttimy &vo (possibly interacting)
variables adjacently in a random permutation and examiimiggaction between them
during K = 500 cycles is already.q,:(K) = 0.6325 and raises t@.7984 for 800
cycles. Given a limited number of fitness function evaluadicas many learning cycles
as possible should thus be performed. Therefore, the piipulsize and generation
limit of the internal optimizer should be as small as possihlring the learning stage
(3and 1, respectively, in this work). CCVIL issues an indefant restart for each cycle
to prevent possible loss of population diversity duringléeening stage.

We furthermore set a lower and an upper threshold for the eamblearning cy-
cles:K and K. If CCVIL cannot detect interactions between any two vagahn the
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Algorithm 3: groupinfo «— Learning Stage of CCVIL

1 K<+—0

2 groupInfo <— {{1},{2},...,{IN}}/initially assume full separability

3 repeat  // start a new learning cycle

4 1T +— random permutation of dimension indicgk 2,..., N}

5 K++—K+1

6 lastInder +— 0

7 (subpop, pop, best) «— initializeCC(3,3,...,3)// useNP; =3 Vi€ 1.N
8 for i = 1to N do // starta new learning phase, i.e., tackle next dimension
9 if lastIndexr # 0 then

10 G1 <— find(groupInfo, I1;) /I find the group containingl;

11 G2 «— find(groupInfo, lastIndez) I/ find group of last optimized variable
12 ifi:l\/(G1#G2)then

13 for j = 1to NP do

14 L popcc; «— (besti, ..., bestn,—1, subpopm, j,bestm, +1,...)

15 (popee, new) <— optimizer(popce, I1;) Il any optimizer, we used JADE
16 subpop . <— popeeyy,

17 best; < newm,

18 if lastIndex # 0 then

19 Composer andz’ according to Equation3 and4

20 if f(z) < f(z’) then // interaction between dimi.andlastIndez?
21 L groupInfo «— ((groupInfo \ {G1}) \ {G2}) U ({G1 U G2})
22 lastIndex <— II; [/ only test successively optimized dimensions

until (|groupInfo| = 1) V [(K > K) A (|groupInfo| = N)] vV (K > K)
24 return groupInfo Il return the set of mutually separable groups of interacting variables

N
w

first K cycles of learning stage, it assumes that the problem ig §alparable or that
the interactions are rather weak and immediately switchdle optimization stage.
Additionally, a transition to the optimization stage is @med afterk cycles even if
not all interactions have been discovered in order to lifmt tuntime used for learn-
ing. As default settings, we recommend 10 forand to seti” to the number of cycles
needed to achieve 80% fpga,,t(f() (see Equatiorp). This number can be computed
by K > log(1 — 0.8)/ log(1 — 2/N). However,K should not lead to a consumption of
more than 60% of the function evaluations in the learningesta

3.2 Optimization Stage

The user of our CC framework is completely free in the choicthe optimizer to be
used for the variables grouped together. During both, tteraction learning and the
optimization stage of CCVIL, we apply JADE for this purpodADE is an enhanced
variant of Differential Evolution (DE)12,13] with improved speed and reliability com-
pared with plain DE 14]. In each phase of the optimization stage of CCVIL, the op-
timizer is applied to the complete subspace defined by onepgth € groupinfo
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(whereas the remaining variables of the candidate vectersanstant and correspond
to the representatives from the other groups).

During the learning stage, CCVIL may divide the variable® igroups of differ-
ent sizes. In the optimization step, the population $VZ& and number of generations
Gen; granted to the optimizer for processing the gra@gpshould depend on its size.
As a rule of thumb, we sef'en; = min{|G;| + 5,500}. Whereas the population size
NP, of JADE is set as small as possible during the interactiomleg, in the optimiza-
tion stage, we apply an adaptive strategy. The initial vilee isNP; = |G;| + 10,
which is sufficient for unimodal problems. After the popidatloses its diversity and
ceases to improve, an independent restart with thrice thalation size is performed
as suggested irLp]. This is done when theglative fitness improvement of the current
cycle compared to the previous on is beloWw 2, i.e., (fx—1 — fx)/frx < 1072

Furthermore, the difficulties in solving the component fimts may vary a lot.
Therefore, itis reasonable to stop optimizing convergedigs, when no improvements
can be achieved for a certain number of cycles (in the cowtietktis work, we set this
threshold to five).

4 Experimental Studies

4.1 Experimental Setup

For benchmarking CCVIL, we choose the set of twenty 1000edisipnal functions
provided by in []. These functions represent high-dimensional problents efferent
degrees of variable interactions. This makes them espesisitable to test the ability
of our algorithm which was designed for tackling this kindtagks. We compared
CCVIL to DECC-G p], MLCC [11], and JADE [L4]. In the experiments, we grant
three million fitness function evaluations to each algonitiun. We fixed the population
size in JADE to 1000 and used default parameter settings BECOG and MLCC
are obtained from the related publicatioslfl]. For each algorithm and benchmark
function, 25 independent runs were performed.

4.2 Benchmark Functionsand L earned Groups

In Tablel, we list the characteristics of the benchmark functiondiaggn our experi-
ments. The columBep denotes functions which are separable according to Equétio
Most of the non-separable functions consist of mutuallyasaiple groups of interact-
ing variables.fy, is the sum of ten rotated instances of Rastrigin’s functiopliad to
groups of 50 decision variables each and one non-rotatéahice of the same function
applied to the remaining 500 decision variables. Since thm Rastrigin’s function
is separable (and the rotated version is not), an idealaatien learning stage would
thus discover 500 separable groups of size 1 and plus 10 gafigize 50, as listed in
columnGroups (real). fi5 is composed of 20 Rosenbrock’s functions, each applied to
50 decision variables, leading to 20 “real” groups.

In the last column of Tabl&, we noted the median of the number of groups discov-
ered by CCVIL during the 25 runs. From these results, we cearlgl see that CCVIL
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Table 1. The main characteristics of the 20 benchmark functiGhs$ed in this paper.

Multi |  Groups
Function Sefmodal real|found
/1 |Shifted Elliptic Function Yes| No |1000 1000
f2 |Shifted Rastrigin’s Function Yes| Yes |1000 1000
f3 |Shifted Ackley’s Function Yes| Yes |1000 969

fa |Single-group Shifted 50-rotated Elliptic Function |No| No |951| 963
/5 |Single-group Shifted 50-rotated Rastrigin’s FunctiofNo| Yes | 951| 952
f6 |Single-group Shifted 50-rotated Ackley’s Function |No| Yes | 951| 921
f7 |Single-group Shifted 50-dimensional Schwefel's |No| No |951| 952
fs |Single-group Shifted 50-dimensional Rosenbrock’'sf No| Yes | 951| 1000

fo |10-group Shifted 50-rotated Elliptic Function No| No |510| 627
f10|10-group Shifted 50-rotated Rastrigin Function No| Yes |510| 516
f11|10-group Shifted 50-rotated Ackley Function No| Yes | 510| 501
f12/10-group Shifted 50-dimensional Schwefel's No| No |510| 522
f13|10-group Shifted 50-dimensional Rosenbrock’s No| Yes |510|1000
f14|20-group Shifted 50-rotated Elliptic Function No| No | 20 | 232
f15|20-group Shifted 50-rotated Rastrigin’s Function |No| Yes | 20 | 37

f16|20-group Shifted 50-rotated Ackley Function No| Yes | 20 | 39

f17|20-group Shifted 50-dimensional Schwefel's Functiddo| No | 20 | 42
f1s]|20-group Shifted 50-dimensional Rosenbrock No| Yes | 20 {1000
f10|Shifted Schwefel's Function 1.2 No| No | 1 | 1
f20|Shifted Rosenbrock’s Function No| Yes | 1 |1000

most often is able to represent the interactions betweewattiables correctly. Due to
the limitation K imposed on the runtime of the learning stage, it may not discall
interactions, i.e., may not merge all interacting groups, thus, yield a slightly higher
number of groups.

Furthermore, we notice that, for most of the benchmark fonstrelated to Ack-
ley’s function (fs, fs, f11), CCVIL combines more variables than expected. The reason
for this is that Ackley’s function is separable accordingBguationl, but notaddi-
tively separable [16], i.e., it cannot be divided into an exact arithmetic sum oifne
ponent functions, as pointed out ih7]. Therefore, our algorithm correctly picks up
interactions since it aims at representing the fitness fomes linear combination of
component functions.

The decision variables of Rosenbrock’s function, althoegtirely nonseparable,
exhibit only a very weak interaction. Our algorithm disce/#hat functionsfs, f13, fis
and f,( can best be treated as separable problems, i.e., problem$Q@0 independent
decision variables.

4.3 Comparison with other CC-based algorithmsand JADE

In Table2, we provide the results of the comparison of our algoriththidECC-G,
MLCC, and plain JADE. We list the mean results of the 25 rumgfxh benchmark as
well as the standard deviations. The columns naietenote the outcomes of a two-
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Table 2. Comparison with other CC-based algorithms and plain JADE.

CCVIL
Mean Std De\

DECC-G
Mean Std De\

MLCC
Mean Std Dey

Ry

Naive JADE
Mean Std Dey

Ry

fi
fe
fs

1.55e-177.75e-17

6.71e-092.31e-0§

7.52e-116.58e-11

2.93e-078.62e-0¢§
1.31e+033.24e+01
1.39e+009.59¢e-07

| 5.55e-012.20e+0(

1.53e-277.66e-27

?9.86e-133.69e-12

w
L

1.57e+041.38e+04W
7.66e+039.67e+01W
4.52e+002.41e-01W

fa
fs
fe
Ir
s

5.00e+123.38e+12
1.76e+086.47e+07
2.94e+056.09e+0%

8.00e+082.48e+0¢

6.50e+073.07e+07

9.62e+123.43e+17
2.63e+083.44e+01]
4.96e+068.02e+04
1.63e+081.38e+0¢
6.44e+072.89e+01]

[3.84e+086.93e+01]
11.62e+074.97e+0¢
$6.89e+057.36e+04
[4.38e+073.45e+01

?1.70e+135.38e+12

w
['W
w
5
r—

6.14e+093.81e+09 L
1.35e+081.21e+07 L
1.94e+011.79e-02
2.99e+013.30e+0] —
1.19e+044.92e+03 L

fo
fio
fi1
fiz
fi3

6.66e+071.60e+07
1.28e+037.95e+01

3.48e+001.91e+0(

8.95e+035.39e+03
5.72e+022.55e+02

3.21e+083.39e+0]
1.06e+042.93e+07
2.34e+011.79e+0(
8.93e+046.90e+03
5.12e+033.95e+03

[1.23e+081.33e+0]
?3.43e+038.72e+07

$3.48e+044.91e+03

1.98e+026.45e-01

2.08e+037.26e+02

'W
YW
w
BW
w

2.70e+072.08e+0

8.50e+032.30e+02W

9.29e+019.66e+0(

6.21e+031.34e+03 —
1.87e+031.11e+03W

b L

w

fia
fis
f16
fir
fis

1.74e+082.68e+0]
2.65e+039.34e+0]
7.18e+002.23e+0(
2.13e+049.16e+03
1.33e+041.00e+04

~

O

8.08e+086.06e+073.16e+082.78e+07
1.22e+049.10e+027.10e+031.34e+03

7.66e+018.14e+0(

2.87e+051.97e+041.59e+051.43e+04
2.46e+041.05e+047.09e+034.77e+07

3.77e+024.71e+01

'W
BW
W
W
3

1.00e+083.84e+0
3.65e+031.09e+07
2.09e+022.01e+01
7.78e+045.87e+07
3.71e+039.58e+07%

b L
BW
LW
BW
P L

f19
f20

3.52e+052.04e+04

1.11e+033.04e+02

=+

1.11e+065.00e+041.36e+067.31e+04

4.06e+033.66e+022.05e+031.79e+02

W
w

3.48e+051.67e+04
2.06e+032.01e+07

.
YW

tailed Mann-Whitney U testl[8] with 5% significance level. AV in column R; stands
for statistically significant win of CCVIL against both, DEXSG and MLCC, d. a loss,
and “—" means that no significant difference was found. Calutn represents the same
comparison between CCVIL and the native JADE (used as opginim CCVIL).

Table 2 shows that CCVIL is clearly superior to DECC-G and MLCC. Itmer-
forms them in 15 benchmarks and only loses fanthe separable but naidditively
separable Ackley function. CCVIL also wins against its int optimizer JADE alone
in ten out of 20 benchmark functions and loses in six. Esfigdiar separable and
highly non-separable functions, CCVIL proofs to be advgatais. The performance
of CCVIL is worse than its JADE in most single-group non-sepée functions. The
reason is the structure of the benchmark geivhere a large factor (1 million) is putin
front of the nonseparable component function. If even alsimgeraction is not discov-
ered by CCVIL, it will perform worse than JADE which treatstfitness function as
completely nonseparable. This fact leads us to the comeiibiat CCVIL can achieve
much better results if the learning phase can proceed sufflgilong to discover all
interactions. To find a good strategy to distribute runtiraeneen the learning and the
optimization stage of CCVIL is thus an interesting pointfisture research.
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5 Conclusionsand Future Work

In this paper, we introduced a novel CC framework called @oative Coevolution with
Variable Interaction Learning, or CCVIL for short. In theéated work study, we showed
that currently no efficient method for finding groups of iateting variables in CC ex-
ists. CCVIL fills this gap with a two-stage approach: In afeag step, the interactions
between the decision variables of a (potentially very hdghensional) search space are
detected. In the second stage, these groups are optimizeddaty to the traditional
CC model. We showed in an experimental study based on tweé@@-dimensional
benchmark functions with different degrees of variableriattion and group sizes that
CCVIL can outperform two very efficient, state-of-the-a @pproaches as well as its
internal optimizer JADE.

The experiments also showed the drawback of CCVIL: findirggajptimal distri-
bution of runtime between the learning and the optimizastage is an open ques-
tion. Here, we could only provide some simple rules-of-thuivut this problem surely
will be subject of our future work. In order to reduce the @letearning time, we
will furthermore explore generating the permutatidiisn our algorithm according to
a deterministic scheme instead of creating them randondgitionally, we wish to
experiment with possibly more efficient optimizers such 8ACES [19] as internal
optimizers.
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